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Abstract 

Based on the particular orderings introduced for the positive roots of finite dimen- 
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1 Introduction 



The interest in two-dimensional non-linear cr-models with supergroups or their cosets as 
target spaces has grown drastically over the last ten years because of their applications 
ranging from string theory [H [2] and logarithmic conformal field theories (CFTs) [HI H] 
(for a review, see e.g. (5j E], and references therein) to modern condensed matter physics 
[3 El El HOI HH H2l UHl [H]. The Wess-Zumino-Novikov-Witten(WZNW) models associated 
with supergroups stand out as an important class of such a-models. This is due to the fact 
that, besides their own importance, the WZNW models are also the "building blocks" for 
other coset models which can be obtained by gauging or coset constructions [151 [161 fT7| fT8]. 
In these models, current or afline (super) algebras [fjJj are the underlying symmetry algebras 
and are relevant to integrability of the model. 

In contrast to the bosonic versions, the WZNW models on supergroups are far from being 
understood ([20J and references therein), although some progress has been made [21] recently 
for the models related to type I supergroups [22J. This is largely due to technical reasons 
(such as indecomposability of the operator product expansion (OPE) [221 [21], appearance of 
logarithms in correlation functions and continuous modular transformations of the irreducible 
characters [25]) 5 combined with the lack of "physical intuition". 

On the other hand, the Wakimoto free field realizations of current algebras [26] have 
been proved very powerful in the study of the WZNW models on bosonic groups [23 [2S1 
I2UI [501 EH E2]- Since the work of Wakimoto on the si (2) current algebra, much effort 
has been made to obtain similar results for the general case [331 EH E51 EU [371 ESI 135] . 
In these constructions, the explicit differential operator realizations of the corresponding 
finite dimensional (super) algebras play a key role. However, explicit differential operator 
expressions heavily depend on the choice of local coordinate systems in the so-called big cell 
U [10] . Thus it is at least very involved, if not impossible, to obtain explicit differential 
operator expressions for higher-rank (super) algebras in the usual coordinate systems [36], [37 1 
HU EU EH1 H21 H3J . Recently it was shown in [mHiEBS] that there exists a certain coordinate 
system in U, which drastically simplifies the computation involved in the construction of 
explicit differential operator expressions for higher-rank (super) algebras. We call such a 
coordinate system the "good coordinate system" . 

This paper will show how to establish a "good coordinate system" of the big cell U for 
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an arbitrary finite-dimensional basic Lie superalgebra [22]. It will be seen that the "good 
coordinate system" indeed exits and is related to a particular ordering for the positive roots 
of the superalgebra. Based on such an ordering of the positive roots, we construct the "good 
coordinate system" for the superalgebras osp(2r\2n) and osp(2r + l|2n) and derive their 
explicit differential operator representations. We then apply these differential operators to 
construct explicit free field representations of the osp(2r\2n) and osp(2r + l\2n) current 
algebras. 

This paper is organized as follows. In section 2, we briefly review finite-dimensional simple 
basic Lie superalgebras and their corresponding current algebras, which also introduces our 
notation and some basic ingredients. In section 3, we introduce the particular orderings 
for the positive roots of the superalgebras osp(2r\2n) and osp(2r + l|2n). Based on the 
orderings, we construct the explicit differential operator representations of osp(2r\2n) and 
osp(2r + l|2n). In section 4 we apply these differential operator expressions to construct 
the explicit free field realizations of the osp(2r\2n) and osp(2r + l\2n) currents, the energy- 
momentum tensors and the screening currents. Section 5 provides some discussions. In 
the Appendix A, we give the matrix forms of the defining representations of superalgebras 
osp(2r\2n) and osp(2r + l|2n). 

2 Notation and preliminaries 

Let Q = Qq + Q\ be a finite dimensional simple basic Lie superalgebra [22l W7\ with a 
grading: 

JO if a e Go, 

The superdimension of Q, denoted by sdim, is defined by 

sdim (Q) = dim ((fa) - dim . (2.1) 

For any two homogenous elements (i.e. elements with definite Z 2 -gradings) a,b G Q, the Lie 
bracket is defined by 

[a, b] = ab- (-l) [a][b] ba. 
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This (anti) commutator extends to inhomogenous elements through linearity. Let {Ei\i = 1, . . . , d}, 
where d = dim(^), be the basis of Q, which satisfy (anti) commutation relations, 

d 

[E ii E i ]=Y,fljEi- (2-2) 
1=1 

The coefficients are the structure constants of Q . Alternatively, one can use the associated 
root system [47J to label the generators of Q as follows. Let H be the Cartan subalgebra of 
Q. A root a of Q (a^O) will be an element in H*, the dual of H, such that: 

g a = {aeg\[h,a] = a(h)a, V7i G H} ^ 0. (2.3) 

The set of roots is denoted by A. Let II: = {ai\i = 1, . . . , r} be the simple roots of Q, where 
the rank of Q is equal to r = dim(if). With respect to II, the set of positive roots is denoted 
by A + , and we write a > if a G A + . A root a is called even or bosonic (odd or fermionic) 
if Q a G Qq (Q a G Qi). The set of even roots is denoted by Ag, while the set of odd roots 
is denoted by Aj. Associated with each positive root a, there is a raising operator E a , a 
lowering operator F a and a Cartan generator H a . These operators have definite Z2-gradings: 

[^]-0, [E a ]-[F a }-{ ^ q; G Aj P A + . 

Moreover, one has the Cartan- Weyl decomposition of Q 

Q = Q_®H (2.4) 

where Q- is a span of lowering operators {F a } and Q + is a span of raising operators {E a }, 
and Q± respectively generates an nilpotent subalgebra of Q. 

One can introduce a nondegenerate and invariant supersymmetric metric or bilinear 
form for Q, which is denoted by (Ei,Ej) (e.g. see (1A.20P for osp(2r\2n) and OA .420 for 
osp(2r + l\2n)). Then the affine Lie superalgebra Qk (or Q current algebra) associated to Q 
is generated by {E?\i — 1, . . . , d; n G Z} satisfying (anti) commutation relation: 

d 

[E?, Ef] = f l ijE? +m + nk(Ei, E,)5 n+mfi . (2.5) 
i=i 

Introduce currents 

E^z) = Y,E? z~ n ~\ i = l,...,d. 
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Then the ( ant i) commutation relations (12. 5p can be re-expressed in terms of the OPEs [21] 
of the currents, 



where f-j are the structure constants (12.21) . The aim of this paper is to construct explicit 
free field realizations of the current algebras associated with the unitary series sl(r\n) (or 
gl(r\n)) and the orthosymplectic series osp(2r\2n) and osp(2r + l|2n) at an arbitrary level 
k. 

3 Differential operator realizations of superalgebras 

Let G be a Lie supergroup with Q being its Lie superalgebra, and X be the flag manifold 
G/B_, where B_ is the Borel subgroup corresponding to the subalgebra Q_ © H. The 
differential operator realization of Q can be obtained from the infinitesimal action of the 
corresponding group element on sections of a line bundle over X [48J or an 77-invariant lifting 
of the vector fields on X which form a representation of Q [40J. As an open set of X, we 
will take the big cell U, which is the orbit of the unit coset under the action of subgroup 
N + with Lie superalgebra Q + . After choosing some local coordinates of U, all the generators 
of Q in principle can be realized by first-order differential operators of the coordinates. In 
this section we show that there are "good coordinate systems" which enable us to obtain the 
explicit differential operator realizations of all basic Lie superalgebras. We shall construct 
such coordinate systems for the three infinite series of basic superalgebras sl(r\n), osp(2r\2n) 
and osp(2r + l\2n) with generic r and n. Our coordinate system in U is based on a particular 
ordering introduced for positive roots A + of the corresponding superalgebra. We call this 
ordering the normal ordering [H] of A + . 

Definition 1 The roots of A + are in normal ordering if all roots are ordered in such a way 
that: (i) for any pairwise non-colinear roots a, (3, 7 £ A + such that 7 = a + (3, 7 is between 
a and (3; (ii) for a, 2a G A +; 2a is located on the nearest right of a. 

Such an ordering was constructed explicitly for all (super) algebras with rank less than 3 in 
[19] . In the following, we shall give the normal ordering of positive roots for each of the three 
infinite series superalgebras sl(r\n), and osp(2r\2n) and osp(2r + l|2n). 



Ei(z)Ej(w) = k 



(Ei, Ej) Em=l fijE} 




i,j = l,...,d, 



(2.6) 



(z — w) 2 (z — w) 
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3.1 Differential operator realization of sl(r\n) 

Hereafter, let us fix two non-negative integers n and r such that 2 < n + r. Let us introduce 
n + r linear-independent vectors: {5i\i = 1, . . . ,n) and {ei\i — 1, . . .r}. These vectors are 
endowed with a symmetric inner product such that 

{8 m ,5i) = 5 m i, (5 m ,€i) = 0, {e h Ej) = -8 i j, i,j = l,...,r, m,l = 1, . . . ,n. (3.1) 

The root system A of sl(r\n) (or A(r — 1, n — 1)) can be expressed in terms of the vectors: 

A = {ti - e i; 5 m - S h 5 m - €i, e { - 5 m } , 1 <i ^ j <r, 1 < m ^ I < n, 

while the even roots A5 and the odd roots Aj are given respectively by 

Ao = - 6j, 6 m - 61} , Ai = {±(5 m - ei)} , 1 < i ^ j < r, 1 < m ^ I < n. 

The distinguished simple roots are 

ai = 5i - 6 2 , . . . , ct„_i = 5 n _! - 5 n , a n = S n - ei, 

®n+l — £l — £2, ■ ■ ■ ; «n+r-l = e r _l — e r . 

With regard to the simple roots, the corresponding positive roots A + are 

5m — Si, ei — ej, 1 < i < j < r, 1 < m < I < n, (3.2) 
5 m — e i: 1 < m < n, 1 < i < r. (3.3) 

Among these positive roots, {5 m — 6j|z = 1, . . . , r, m — 1, . . . , n) are odd and the others are 
even. Then we construct the normal ordering of the corresponding positive roots. 

Proposition 1 A normal ordering of A + for sl(r\n) is given by 

e r _i — e r ; . . . ; E\ — e r , . . . , Ei — 5 n — e r , . . . , 5 n — E\, 

. . . ; 5\ — Er, . . . , 61 — E\, 5i — 5 n , . . . , 5i — 5 2 . (3.4) 

Proof. One can directly verify that the above ordering of the positive roots fl3.2l) - fl3.3p of 
sl(r\n) fulfills all requirements of Definition 1. □ 
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It is well-known that the big cell U is isomorphic to the subgroup N + and hence to the 
subalgebra Q + via the exponential map. Therefore we can choose the following coordinate 
system G + (x, 6) for the associated big cell U: 

G + {X, 9) = (G n +r-l,n+r) • • • (Gj t n+ r ■ ■ ■ Gjj + i) (G\^ n+r . . . G\^)- (3-5) 

Here, for i < j, G^j is given by 

{ e x ^+i,n+jE H - e . ^ if I <i < j < r , 

e e itn+j E Si _ e ^ if ! < i < Wj 1 < j <r, (3.6) 

e Xi * E *i-*i, if 1 < i < j < n. 

In the above equations, {xij} are bosonic coordinates while {#j jn+ j|l < i < n, 1 < j < r} 
are fermionic ones. The coordinate system fl3.5p - fl3.6l) enabled us jH] to obtain the explicit 
differential operator realization of sl(r\n) (or gl(r\n)). In the following, we shall show how a 
similar normal ordering of the positive roots allows us to construct "good coordinate systems" 
in the associated big cell U of superalgebras osp(2r\2n) and osp(2r + l|2n). 

3.2 Differential operator realization of osp(2r\2n) 

The root system A of osp(2r\2n) (or D(r,n)) can be expressed in terms of the vectors {<5/} 
and {ej} (13 .11) as follows: 

A = {±ei ± €j, ±5 m ± Si, ±25/, ±di ± e { } , 1 < i ^ j < r, 1 < m ^ I < n, 

while the even roots Aq and the odd roots Aj are given by 

A = {±e i ±e j ,±5 m ±5 l ,±25 l }, A 1 = {±5 l ±e l }, 
1 < 7^ j < r ) 1 < m ^ I < n. 

The distinguished simple roots are 

«i = 5x — 5 2 , ■ ■ ■ , a n -i = S n -i - 8 n , a n = 5 n - e 1} 

c^n+i — e i — ^2, . . • , a n+r _i = e r „! — e r , a n+r = e r _\ + e r . (3-7) 

With regard to the simple roots, the corresponding positive roots A + are 

5 m - 5i, 25i, S m + 5i, 1 < m < I < n, (3.8) 
Si-ei, Si + ti, 1 < i < r, 1 < I < n, (3.9) 
€i — 6j, ei + ej, l<i<j<r. (3.10) 
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Among these positive roots, {Si±ei\i, I — 1 ... ,n} are odd and the others are even. Associated 
with each positive root a, there is a raising generator E a , a lowering generator F a and a 
Cartan generator H a , giving rise to the Cartan-Weyl decomposition f!2.4[) of osp(2r\2n): 

osp(2r\2n) = osp(2r\2n)_ © H osp ^r\2n) © osp(2r\2n) + . (3.11) 

In the defining representation of osp(2r\2n), the matrix realization of the generators asso- 
ciated with all roots is given in Appendix A.l, from which one may derive the structure 
constants fjj in (12. 2p of the algebra for this particular choice of the basis. 

In order to obtain an explicit differential operator realization of osp(2r\2n) , let us intro- 
duce the normal ordering of its positive roots. 

Proposition 2 A normal ordering of A + for osp(2r\2n) is given by 

e r _i + e r , e r _i — e r ; . . . ; ex + £2, . . . , £1 + e r , £1 — e r , . . . , e x — e 2 , 
S n -\- ei, . . . , S n -\- e r , 2S n , S n € r , . . . , S n £1, . . . , 
Si + 5 2 , ■ ■ ■ , Si + S n , 5 1 + €!,... ,5 1 + e r , 2Si, 
Si - e r , . . . , Sx - £1, 8 X - 5 n , . . . , Sx - S 2 . (3-12) 

Proof. One can directly verify that the above ordering of the positive roots fl3.8p - fl3.10p of 
osp(2r\2n) obeys all requirements of Definition 1. □ 

For the case r = 0, the ordering f)3.12p gives rise to the normal ordering of the positive roots 
of sp(2n), while for the case n = it yields the normal ordering of the positive roots of so(2r). 
Based on these orderings, a "good coordinate system" in each of the associated big cells for 
so{2n) and sp(2n) was constructed in [15]. Here we use the ordering (13.121) to construct the 
"good coordinate system" in the associated big cell U and the explicit differential operator 
realization of osp{2r\2n). 

Let us introduce a bosonic coordinate (x mj i, x mt i, xi, yij or for m < I and i < j) with 
a ^2-grading zero: [x] = [x] = [y] = [y] = associated with each positive even root (resp. 
S m — Si, S m + Si, 2Si, £; — £j or £j + €j for m < I and i < j), and a fermionic coordinate (9^ or 
9i t i) with a Z2-grading one: [9] = [9] = 1 associated with each positive odd root (resp. Si — £j 
or Si + £j). These coordinates satisfy the following (anti) commutation relations: 

[x it j,x mj i] = 0, [d Xitj ,d Xml \ = 0, [d XiJ ,x mj i\ = S im Sji, (3.13) 
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[x it j,x mj i] = 0, [d Sij ,d^ m J = 0, [d^ id ,x mj i] = 5 im 5 jh (3.14) 

[x m ,xi] = 0, [d Xm} d Xl ] = 0, [d Xm ,xi] = Smi, (3.15) 

[yi,j,y m ,i] = 0, [dy i:j ,d yml ] = 0, [d yiJ ,y m> i] = 5 im 5 jh (3.16) 

[Vi,j,ym,i] = 0, [<9 5l ^<9 gmi ] = 0, [dy i3 ,y m j] = 5 im 5ji, (3.17) 

[Oij, e m ,i] = o, ., d 6mtl ] = o, ., e m>l ] = 5 im 5 jh (3.18) 

%,3^rn,i] = 0, [%. d ,9e ro J = 0, [d §ij ,6 mtl ] = 5 im 5ji, (3.19) 

and the other (anti) commutation relations vanish. 

Based on the very ordering (13.121) of the positive roots of osp(2r\2n) , we may introduce 
the following coordinate system G + (x, x\ y, y; 9, 9) for the associated big cell U: 

G + (x,x;y, y; 9, 6) = (<5 n+r ._i >n+r 

G<n-\-r— l,n+r) • • • 
x (G*ri+l,rj.+2 • • • G n+ i tTl+r G n+ i <n+r . . . G n+ i^ n+ 2) 
x (^?n,n+l • • • G ntn + r G n G n n _(_ r . . . G n ^ n +i} . . . 

x (^1,2 • • • ^l,n+r G\ G\ t n+ r . . . G 1>2 ) . (3.20) 

Here Gij, Gij and Gi are given by 

G m j = e Xm > lEs ™- s i , G m j = e ^ E ^h , 1 < m < I < n, (3.21) 
Gi = e XlE ™i, G hn+l = e 9 ^i-H, G^ n+l = e°'- E ^, l<l<n,l<t<r, (3.22) 
G n+i , n+j = e y ^ E ^i , G n+iin+j = e ^ E ^i , 1 < i < j < r. (3.23) 

Thus all generators of osp(2r\2n) can be realized in terms of the first order differential 
operators of the coordinates {x, x; y, y; 9, 9} as follows. 
Hereafter, let us adopt the convention that 

Ei = E ai , Fi = F ai , t = l,...,n + r. (3.24) 

Let (A | be the highest weight vector of the representation of osp(2r\2n) with highest weights 
{Xi} , satisfying the following conditions: 

(A|Fi = 0, l<i<n + r, (3.25) 

(A\H i = \ i (A\, l<i<n + r. (3.26) 
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Here the generators Hi are expressed in terms of some linear combinations of H a ( 1A.15I) - 
( 1A.17I) . An arbitrary vector in the corresponding Verma module \_ is parametrized by (A| 
and the corresponding bosonic and fermionic coordinates as 

(A; x, x- y, y; 9, 9\ = (A\G + {x, x; y, y; 9, 6), (3.27) 

where G+(x, x; y, y; 9, 9) is given by (l3T20l -( l3~23j) . 

One can define a differential operator realization p^ of the generators of osp(2r\2n) by 

p^(g)(A;x,x;y,y;9,9\ = (A;x,x;y,y;9,9\g, \/g e osp{2r\2n). (3.28) 

Here p {d) {g) is a differential operator of the coordinates {x, x; y, y; 9, 9} associated with 
the generator g, which can be obtained from the defining relation ( 13.281) . The defining 
relation also assures that the differential operator realization is actually a representation of 
osp(2r\2n) . Therefore it is sufficient to give the differential operators related to the simple 
roots, as the others can be constructed through the simple ones by the (anti)commutation 
relations. Using the relation (13. 28ft and the Baker-Campbell-Hausdorff formula, after some 
algebraic manipulations, we obtain the differential operator representation of the simple 
generators. 

Proposition 3 The differential operator representations of the generators associated with 
the simple roots of osp(2r\2n) are given by 

i-i 

pWiEi) = Y,( x rn,id Xm , l+1 -x m ,i +l d^)+d XlA+1 , l<Z<n-l, (3.29) 

m=l 

n-1 

p^ d \E n ) = J2( x ^ d ^A+^m,id Smin )+d enA , (3.30) 

m=l 
n 

p {d) (E n+i ) = ^ (9m,ide m4+1 - 9 m ,i+idg mi ) 

m=l 

i-1 

+ {y™,i d y m>i +i - Vm,i+idy m:i ) + d yi:i+1 , 1 < i < r - 1, (3.31) 

m=l 

u 

P^ d \E n+r ) = ^ {29 mx ^\9 m r d Xm + 9 m r _idg m r — 9 m ^ r dg m r _^j 



m=l 



1 Th.e irreducible highest weight representation can be obtained from the Verma module through the 
cohomology procedure 35J with the help of screening operators (e.g. (|4.32p - (|4.35fl below). 
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r-2 



m=l 



(3.32) 



m=l 
i-1 



^ ( a; m,J+l9x mii — ^m,«<9i mi!+1 ) — %ldx l<l+1 — 2xij +1 d Xl+1 
m=l 

n 

{ x l,mXl,mdx l4+1 — Xl,m,dxi +1;m ~ 2x^ m Xi + i tm d Xl+1 ~ Xl,md Xl+lm ) 

m=l+2 

(0i,m0i,md Xll+1 + Qi, m de l+lm + 29i )m 9i +1<m d Xl+1 + 9i, m dg l+1 m ) 



r 

-E 

m=l 



—r 2 8 



+Xl,l+l 



+ 2xi,i+iXi+id Xl+l — 2xi t i + iXid Xl 

n 

,m,d X[+l 

,m. 

+Xl+l 

,m 

-xi - xi, m d Xl m ) 

.m=l+2 



r 

J~] (^+i,m<9e i+l m + 9i+i, m d§ l+l m - 9i, m dg l m - 6, 



+Xl,l+l 

\_{fl=± 

+xi : i+i(\i — A/ + i) 



l < / < n - l, 



(3.33) 



n-l 

P (d) (^n) = £ {Om,ld Xm n - X m , n d §m l ) - X n Sn l 
m=l 



(3.34) 



m 

r 

+ ^ ] {Pn,rnd yi m — 9n,m@n,md() n ^ + Q n ,mdyi m ) 
m=2 

r 

-#n,l £ (^n,m<96» n , m + ^n,rndg n m + Ul, m dy l m + #1,™%,™) 
m=2 

— 2# njl x n <9. rn — 26 n i9 n ^dQ nl + ^ ni i(A n + A n+ i), 

n i— 1 

P (d) (-Fn+i) = £ (9 mti+1 dg mi - 6 m ,idg m ^ +1 ) + )^ (l/m.i+l^.i ~ y~m,idy m>i+1 ) 
m=l m=l 
r 

+ ^ ] {yi,m,yi,mdy ii+1 — Di,mdy i+1>m — Vi,mdy i+1 m ) 
m=i+2 

r 

,mdy i+lm + yi+l,m9y i+1 

n=i+2 

(3.35) 



m=i+2 

~~yi,i+ldy t ,i+i + y?,i+l(An+i — A n+ j + i 



p (d) (^ + ,) = 



- Xn+i+l), 1 < * < 



< r - 1, 



n 

y^ (^m,r<90 m , r _i + 20 mjr -iO m! , 
m=l 

r-2 

+ ^ ] {ym,rdym, r -l ~~ ^m,r-l^j/ m , r ) ~~ Vr-l,r^yr-l 
m=l 
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+ A n+r ), (3.36) 

1-1 n 

P {d \ttl) = (XmAm.,1 ~ XmAmj) ~ Y { X l,™ 9 xi,m + Xl,m 9 xi, m ) 

m=l m=l+l 
r 

- Y (\"A, m + hmd km ) ~ 2 Xl d Xl + \, l<l<n, (3.37) 

m=l 

n i—l 

p {d \H n+i ) = ( d ™A m ,i ~ dm,i d § m ,i) + Y (y™,i 9 V m ,i - ym,idy m> i) 

m=l m=l 
r 

~ Y (y^Vi.m + Vi,mdy iim ) + Xn+i, 1<1<T. (3.38) 

m=i+l 

A direct computation shows that these differential operators (I3.29I) - (I3.38I) satisfy the 
osp(2r\2n) (anti) commutation relations corresponding to the simple roots and the associated 
Serre relations. This implies that the differential representation of non-simple generators 
can be consistently constructed from the simple ones. Hence, we have obtained an explicit 
differential realization of osp(2r\2n) . 

3.3 Differential operator realization of osp(2r + l\2n) 

The root system A of osp(2r + l\2n) (or B(r,n)) can be expressed in terms of the vectors 
{5i} and {e^} (13. ip as follows: 

A = {±e, ; ± 6j, ±6i, ±8 m ± 5i, ±5i, ±25i, ±5i±€i} , 1 < i ^ j < r, Km/Kn, 
while the even roots Ag and the odd roots Aj are given respectively by 

A s = {±e i ±e J , ±6i, ±8 m ±8 h ±25i}, A± = {±6 t ± *, ±5i} , 
1 < i 7^ j < r ) 1 < m ^ I < n. 
The distinguished simple roots are 

ai = 5i - 8 2 , ■ ■ ■ , a n -i = <5„_i - 8 n , a n — 8 n - ei, 
ttn+i = e i — ^2, . . . , ct„ +r _i = e r _i — e r , a n+r = e r . (3.39) 
With regard to the simple roots, the corresponding positive roots A + are 

8 m - 81, 28 h 8 m + 8 h 1 < m < I < n, (3.40) 
61 - e h 61 + £i, 81, l<i<r,l<l<n, (3.41) 
ei-ej, 6i + 6j, 6i, 1 <i < j <r. (3.42) 
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Among these positive roots, {fii, Si ± e*| i = 1, . . . , r, I = 1 . . . , n} are odd and the others 
are even. Associated with each positive root a, there is a raising generator E a , a lowering 
generator F a and a Cartan generator H a , giving rise to the Cartan-Weyl decomposition (12.41) 
of osp(2r + l|2n): 

osp(2r + l\2n) = osp(2r + l|2n)_ © H osp{2r+ll2n) © osp{2r + l|2n)+. (3.43) 

In the defining representation of osp(2r + l|2n), the matrix realization of the generators 
associated with all roots is given in Appendix A. 2, from which one may derive the structure 
constants f\j in (12. 2p of the algebra for this particular choice of the basis. 

To obtain an explicit expression of the differential operator realization of osp(2r + l|2n), 
let us introduce the normal ordering of its positive roots. 

Proposition 4 A normal ordering of A + for osp(2r + l|2n) is given by 

e r ; e r _i + e r , e r _i, e r _i — e r ; . . . ; €\ + e 2 , ■ ■ ■ , e± + e r , e±, e± — e r , . . . ,e± — e 2 ; 

fin ^li • • • i Sri ^ri 2fi nj (5 n , fi n £ r , . . . , fi n €\, . . . , 

Si + S 2 , ■ ■ ■ , 5i + 5 n , fii + £i, ■ ■ ■ , fii + e r , 2Si, Si, 

Sx - e r , ...,Si-ei,S 1 -S n ,...,Sx-S 2 . (3.44) 

Proof. One can directly verify that the above ordering of the positive roots (I3.40I) - (I3.42I) of 
osp(2r + l|2ri) satisfies all requirements of Definition 1. □ 

For the case n = 0, the ordering (I3.44p gives rise to the normal ordering of the positive 
roots of so(2r + 1). Based on this ordering a "good coordinate system" in the associated 
big cell of so(2r + 1) was constructed in [4"5] . Here we use the ordering (13.441) to construct a 
"good coordinate system" in the associated big cell U and the explicit differential operator 
realization of osp(2r + l|2n). 

In addition to the coordinates {x m j, x m f, x m ; yij, y^; 9i t i, 0i ti }, which are associated with 
the positive roots {S m — Si,S m + Sf, 2Si; €i — €j, e« + e^; Si — e^, Si + e^}, we also need to in- 
troduce n + r extra coordinates {9i\l = 1, . . . , n} and {yi\ i = 1, . . . , r} associated with 
the positive roots {<5;|/ = l,...,n} and {ti\i = l,...,r} respectively. The coordinates 
{x m j,x m j] x m -,yij,yij] 9i t i,9i^} and their differentials satisfy the same (anti) commutation 
relations as (I3.13p - (l3.19p . The other non-trivial relations are 

[Vi, Vj] = [d yi ,d Vj ] = 0, [d yi , yA = fiij, i, j = 1, . . . , r. (3.45) 
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[OmA\ = [do m ,de l \ = Q, [de m ,0i\ = 5 ml , m,/ = l,...,n. (3.46) 

Based on the very ordering (13.441) of the positive roots of osp(2r + l|2n), we introduce 
the following coordinate system G+(x, x; y, y; 9, 9) for the associated big cell U: 

G + (x, x; y, y; 9, 9) = (G n+r ) (G n+r _i )n+r G n+r ^i G n ^. r _i jn+r .J . . . 

x (G , n+l,n+2 • • • G n+ i, n+r G n+ i G n+ \> n+r . . . G n +l,n+2) 
X (G n,n+Y • • • Gn t n-\- r G n G n G n n ^ r . . . G n n +\^ . . . 

x (Gi t 2 ■ ■ ■ G\^ n+r G\G\ Gi,n+r • • • Gi^) ■ (3.47) 

Here G i; j,G i; j,Gi and Gi are given by 

G mtl = e Xm ' lE ^- s i, G m j = e s ^ lEs ™+ s i , 1 < m < I < n, (3.48) 

G l = e XlE2S i , Gi = e e ' Es i , G n+i = e y ^ , 1 < I < n, 1 < % < r, (3.49) 

G ltn+i = e dl ' iE h-n , G l>n+i = e Sl > iE *i+H , 1 < I < n, 1 < i < r, (3.50) 

G n+itn+j = e^ E °*-*i , G n+ijn+j = e ^ E ^ , 1 < i < j < r. (3.51) 

Then the first order differential operator realization of the generators of osp(2r + l\2n) can 
be obtained as follows. 

Similarly to the osp(2r\2n) case, we adopt the convention (13.241) for the raising/lowering 
generators associated with the simple roots. Let (A| be the highest weight vector of the 
representation of osp(2r+l\2n) with highest weights {Aj} , satisfying the following conditions: 

(A|Fi = 0, l<i<n + r, (3.52) 

(A\H i = \ i (A\, l<i<n + r. (3.53) 

Here the generators Hi are expressed in terms of some linear combinations of H a (1A.37I) - 
(IA.39I) . An arbitrary vector in the corresponding Verma module is parametrized by (A| and 
the corresponding bosonic and fermionic coordinates as 

(A; x, x- y, y- 9, 9\ = (A\G+(x, x; y, y; 9, 0), (3.54) 

where G + (x, x; y, y; 9, 9) is given by fl3.47l) - fl3.51l) 

One can define a differential operator realization of the generators of osp(2r + l\2n) 

by 

p {d \g) (A;x,x;y,y;9,9\ = (A;x,x;y,y; 9, 9\g, Vg e osp(2r + l\2n). (3.55) 
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Here p^ d \g) is a differential operator of the coordinates {x, x;y,y;9,9} associated with 
the generator g, which can be obtained from the defining relation (13.551) . The defining 
relation also assures that the differential operator realization is actually a representation of 
osp(2r + l\2n). Therefore it is sufficient to give the differential operators related to the simple 
roots, as the others can be constructed through the simple ones by the (anti)commutation 
relations. 

Using the relation (13.551) and the Baker- Campbell-Hausdorff formula, after some algebraic 
manipulations, we obtain the following differential operator representation of the simple 
generators. 

Proposition 5 The differential operator representation of the generators associated with the 
simple roots of osp(2r + l\2n) are given by 

i-i 

p i ^ d \E l ) = Y i x m,id Xm , l+1 - x mtl+1 dx ml ) + d xil+1 , l<l<n-l, (3.56) 

771=1 
71-1 

pW(E n ) = J2( x ^ d ^+^m,id Smtn )+dg nA , (3.57) 

771=1 
71 

p {d) {E n+i ) = ^2 (9 m ,ide m , l+1 - O m ,i+idg m i ) 

771=1 

l-l 

+ Y (ym,id ym , l+1 - y~m,i+idy mti ) + d yii+1 , 1 < i < r - 1, (3.58) 

777=1 

n 

p^ d \E n+r ) = (0 m d§ mr — m ,rde m — m ,r0md Xm ) 

771=1 

r-1 

+ Y {V^Am - ymdy m ,r) + 9y r , (3.59) 



771=1 
l-l 



P {d) {Fi) = Y {xmj+idx^ - x m>l d Sin l+1 ) - xid Sl l+1 - 2 Xl , l+ id Xl+1 

771=1 

71 

^ ] { x l,m%l,md Xtl+1 ~ x l,mdx l+ltm ~ 2x^ m Xi + i^ m d Xl+1 — X^ m dx t+l rn ) 



m=l+2 
r 



— 'Y, (@i,m9i,md Xu+1 + 9i, m de l+lm + 29i, m 9i + i^ m d Xl+1 + #«,m<% ;+1 m j 

771=1 

—@ide l+1 - 0i0i+id Xl+1 + xi t i +1 9i + id 6l+1 - x^i +1 9id dl 
-x 2 hl+l d Xl l+1 + 2x it i +1 xi + id Xl+1 - 2x it i +1 xid Xl 
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p {d \Fn) 



n+i) 



P (d) (F n+r ) 



P {d \Hi) 



+Xl,l+1 



n 

,m,d Xl+1 +X1+1 -xi - xi, m dx ltm ) 

_m=l+2 



r 

m=l 

1 < I < n - 1, 



(3.60) 



^ (0m,id Xm n - x m>n d Sm l ) - x n d Sn l 

m=l 

r 



a=2 



r 

-Qn,l ^2 (Qn,mde n , m + d n<m dg n m + V\, m dy^ m + yi, m dy hm ) 
m=2 

—29 njl x n d Xn — 29 njl 9 nil dg nl — 9 nil 9 n de n — 9 Tl:1 y 1 d yi 
+#n,i(A ra + A n+ i), 

n i—1 

S ^2{9 m ,i+\de m ^ — 9 m ,id§ mi+1 ) + ^(l/m,j+i<9j/ mii — ym,idy mi+1 ) 



(3.61) 



m=l 



m=l 



r 

+ ^ ] {yi,myi,mdy i i+1 — yi, m dy i+lm — yi, m dy i+1 m ) 

m=i+2 

~yi9 Vl+1 + ~^dy ii+1 + y it i + iy i+ idy i+1 — y iti+ iy i dy i 

r 



~\~yi,i+l } ] {]Ji+l;rndy i+l m + yi+l,mdy i+1 m y%,rrJ^y i m y~, 
m=i+2 

Am+i + yi,i+l(An+i — A n+ j + i), 



1 < i < r - 1, 

^ {6~m,rde m - 9 m>r 9 m d Xm - d m d dm r ) 

m=l 

r—l 2 

^ ] {ymdy mr — ym,rd ym ) 2^ Vr ^ r ^ n + r ' 
m=l 



(3.62) 



(3.63) 



m=l 
i-1 



n 

y^ { x m,id Xm l — x m! idx m l ) — y^ {xi,md Xl m + x^ m d Xl m ) 

rrt=Z+l 



m=l 



r 

- (^i,mde l>m + ~ 2x i d *i - + A«, 1 < Z < n, 

m=l 

n i—1 

P {d) {H n +i) = { e rn,ide mA - 9 m>i d§ m .) + {y m ,id Vm>l - y m ,idy mi ) 

m=l m=l 



(3.64) 
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- {y^d yiim + Vi, m dy x m ) - Vid yi + X n+i , 1 < i < r. (3.65) 

m=i+l 

A direct computation shows that these differential operators (I3.56l) - fl3.65l) satisfy the 
osp(2r + l\2n) (anti) commutation relations corresponding to the simple roots and the asso- 
ciated Serre relations. This implies that the differential representation of non-simple gen- 
erators can be consistently constructed from the simple ones. Hence, we have obtained an 
explicit differential realization of osp(2r + l|2n). 

4 Free field realization of current superalgebras 

4.1 Current superalgebra osp(2r\2n)k 
4.1.1 Free field realization of the currents 

With the help of the explicit differential operator expressions of osp(2r\2n) given by (13.291) - 
(I3.38P we can construct the explicit free field representation of the osp(2r\2n) current algebra 
at arbitrary level k in terms of n 2 + r 2 — r bosonic P-j pairs li,j)i (A,i>7i,i)> (Aj7i)j 

(/%,j'>7i',j')> (A''j')7i'j')) ^ < i < j < n, 1 < i' < f < r}, 2nr fermionic b - c pairs 
{(^tji i^tji 1 — * — n ' 1 — J — r ) anc ^ n + r f ree scalar fields fa, i — 1, . . . ,n + r. 
These free fields obey the following OPEs: 

S S 

Pi.j(z) j m A w ) = -Jm,i( z ) Pi,j( w ) = , vm 3 1 < % < j < n, 1 < m < I < n, (4.1) 

{z — w) 

5 S 

Pi,j(z) *fm,i{ w ) = -Jm,i( z ) Pi,j( w ) = ( im _ 3 y 1 < i < j < n, 1 < m < I < n, (4.2) 

\ z w ) 

Pm(z) ji(w) = -7 m (2) Pi(w) = 7 — 1 < m, I < n, (4.3) 

[z — W) 

KM im,M = -l'm,i{z) KM = T^y l<i<j<r,l<m<l<r, (4.4) 

[z — W) 

KM 7™» = -lU z ) KM) = T^y l<i<j<r,l<m<l<r, (4.5) 
u , [z — w) 

= %j(z) = -^f- 1 < m,l < n, 1 < i,j < r, (4.6) 

(Z W) 

6 6 

^(z)^ J H = ^, i (z)^+ l H = ^^, \<m,l<n, l<i,j<r, (4.7) 

4> m {z)4>i(w) = -5 m i ln(z -w), 1 < m, I < n, (4.8) 

(j) n+i (z)(j) n+j (w) = Sij ln(z -w), 1 < i, j < r, (4.9) 
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and the other OPEs are trivial. 

The free field realization of the osp(2r\2n) current algebra is obtained by the following 
substitutions in the differential operator realization fl3.29l) - f)3.38l) of osp{2r\2n): 



x m ,i — >lm,i{z), d Xm l — > Pm,i(z), 1 < m < I < n, (4.10) 

x m ,i — ►7m,i(*)> d Sml — >PmA z )> l<m<l<n, (4.11) 

x l ^ ll (z), ^^AW, l<l<n, (4.12) 

VU — d yi . — fijiz), l<i<j<r, (4.13) 

Vij — 9 giJ — ^.(z), 1 < i < j < r, (4.14) 

fyi — * *i!i(*)> — ^ *i,<(*)> 1 < 1 < ^ 1 < * < r, (4.15) 

0i,< — -+ . — > 1 < * < 1 < * < r, ( 4 - 16 ) 

Xj — ► y/k + 2(r -n - Tjdfa^z) 1 < j < n + r. (4.17) 



Moreover, in order that the resulting free field realization satisfies the desirable OPEs for 
osp(2r\2n) currents, one needs to add certain extra (anomalous) terms which are linear in 
d^f(z), dj(z), dj'(z), dj'(z), d^/ + (z) and d^ + (z) in the expressions of the currents associated 
with negative roots (e.g. the last term in the expressions of Fi(z), see (I4.22p - fl4.25p below). 
Here we present the results for the currents associated with the simple roots. 

Theorem 1 The currents associated with the simple roots of the osp(2r\2n) current algebra 
at a generic level k are given in terms of the free fields ^.ip - J^T^ ) as 
l-i 

E l( Z ) = hm,l{ Z )Pm,l+l{z) - frn,l+l(z)P m>l (z)) + A,J+l(«), 1 < Z < W - 1, (4.18) 

m=l 
n-1 

E n { Z ) = hmA^m,l{z) + ^i A {z)p m , n {z)) + tf n ,i(z), (4.19) 

m=l 
n 

E n+i (z) = (*i<(«)*m,i+l(^) " 

m=l 
i-1 

+ E (7m > i(^)^,m(^)-7m,i + i(^)^,i(^))+/9Wi(^' 1 < * < r - 1, (4.20) 

m=l 

n 

m=l 
r-2 

+ £ (V^r-iW/^rW - 'CWSv-lW) + ( 4 ' 21 ) 
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l-l 



F ^ Z ) = E bm,l+l(z)Pm,l( Z ) -lm,l(z)P mi i +1 (z)) - ^i(z)^ l+1 (z) 
m=l 

n 

-2% l+l (z)f3i +l {z) + ^ {ll,m( Z )%m(z)Pl,l + i(z) - 1l, m (z) #+l,m (z)) 
m=l+2 

n 

~ E { 2 %rn(zhl+l,m(z)Pl+l(z) + % m (z)(3i +hm (z)) 
m=l+2 
r 

- E K»w«In(fc( z ) + 

m=l 

r 

" E WmW+l^A+lW + *t m (z)* l+1 , m (z)) 
m=l 

n 

-ll,l+l(z)Pl,l+l(z) ~ %l+l(z) Y {ll,m( Z )Pl,m( Z )+%rn(z)Pl, m (z)) 

m=l+2 

n 

+%l+l(z) E (Tl+l,m(z)A+l,m(2)+Tl+l,mWA+l,m(z)) 
m=2+2 
r 

-TM+lC*) E (*ltm(«)*l,mW + *tJz)*Uz)) 
m=l 

r 

+%l+l(z) E (*H-l,m(*)*i+l,m(*) + *i+l,m(^*t+l,m(^)) 

+27i, J+ i(z)7i+i(2!)A+i(^) - 27i,, + i(2;)7,(z)/3,(z) 
+ v / fc + 2(r-n-l) 7M+1 (^) (d<M*)-^i+i(*)) 

+ (_A; + 2 (Z - l))9 7M+1 (z), 1 < / < n - 1, (4.22) 

n-l 

Fn(z) = E {^mMP m , n {z) ~ lm,n{ Z )^rn,l{z)) ~ 7n(^)*n,l(^) 



m=l 

r 



m=2 

r 

m=2 

r 

~Kl( Z ) E W,m(*)fl,m(*) + fl,m(*)#,m(*)) " 2¥+ 1 (*)7n(*)&(*) 



m=2 



+ v /fc + 2(r-n-l)*+ 1 (z) {d<t> n {z)+d<t> n+1 {z)) 

+(-fc + 2(n-l))0¥+(*), (4.23) 
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n+r 



F n+l { Z ) = Ys^ti+l^rnM-^^rnM*)) 
m=l 
i-1 

m=l 

r 

+ E K,m( z )7l, I n(^i,i+l( 2 ) ~ ~ Ti.mW&.ml 2 )) 

m=i+2 

r 

+7M+l( 2 ) E W+l.mW&hl.mfc) +7i+l ) m(*)#+l,m(*)) 
m=j+2 
r 

m=i+2 

-7M+i( z )7i,i+i(^)^,i+i(^) + V^ 2 ^- 71-1)7^(2) (^+.(2) - <90n+ m (^)) 
+ ( fc + 2 (i - „ - 1)) d^iz), 1 < i < r - 1, (4.24) 

n 

» = E(*ir(*)*m,r-l(*)+2*^ 



m=l 
r-2 



m=l 

-%-l,r( Z Wr-l,r( Z )P'r-lA Z ) 

+ y / k + 2(r-n-l)%_ hr (z) (90 n+r _!(z) + <90 n+r (z)) 

+ (fc + 2( r -n-2))0? r _ 1>r (z), (4.25) 

^(^) = YXl m t( Z )P m > l ( Z )~7 m > l ( Z )P m > l ( Z ))~ ^2hl,m(z)Pl,m(z)+% m (z)Pi :7n (z)) 
m=l m=l+l 
r 

-HizWz) - E WmW*l,mW + *J„WW)) 
m=l 

+ V^ + 2(r -ra- 1)0^(2), 1 < Z < n, (4.26) 

n i—l 

H n+l ( Z ) = E(*m>)*m,i(*)-*;U*)*"^ 

m=l m=l 
r 

" E KmW^mW+^W^W) 
m=i+l 

+ v / A: + 2(r-7i- l)00 n+i (;z), 1 < i < r. (4.27) 

Here normal ordering of free fields is implied. 
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Proof. It is straightforward to check that the above free field realization of the currents 
satisfies the OPEs of the osp(2r\2n) current algebra: Direct calculation shows that there are 
at most second order singularities (e.g. r z _ w \2 ) in the OPEs of the currents. Comparing with 
the definition of the current algebra (12. 6p . terms with first order singularity (e.g. the coeffi- 
cients of -jjZwj) are fulfilled due to the fact that the differential operator realization (13.291) - 
(I3.38P is a representation of the corresponding finite-dimensional superalgebra osp(2r\2n); 
terms with second order singularity r^j^p also match those in the definition (12. 6p after the 
suitable choice we made for the anomalous terms in the expressions of the currents associated 
with negative roots. □ 

Some remarks are in order. The free field realization of the currents associated with the 
non-simple roots can be obtained from the OPEs of the simple ones. For n = r, our result 
reduces to the free field realization of the osp(2n\2n) current algebra [16]. When n = (or 
r = 0), our result recovers the free field realization of so(2r) (or sp(2n)) current algebra 
proposed in [45J. 

The free field realization of the osp(2r\2n) current algebra (14. 181) - (14. 2 71) gives rise to the 
Fock representations of the current algebra in terms of the free fields (I4.ip - (I4.9I) . These 
representations are in general not irreducible. In order to obtain irreducible ones, one needs 
certain screening charges, which are the integrals of screening currents (see (I4.36I) - (I4.39I) 
below), and performs the cohomology procedure as in [281 E31 [34]. We shall construct 
the associated screening currents in subsection 4.1.3. 

4.1.2 Energy-momentum tensor 

In this subsection we construct the free field realization of the Sugawara energy-momentum 
tensor T(z) of the osp(2r\2n) current algebra. The energy-momentum tensor T(z) can be 
constructed by means of the second-order Casimir element of osp(2r\2n) , namely, 




{z)E Sm ^ l {z)) 



n 



Yl ( E S m +Si(z)F Sm+Sl (z) + F S m +S l (z)E Sm+ 8 l ( y z)) 



n 



Y,[2(E 2Sl (z)F 2Sl (z) + F 25l {z)E 25l {z)) + H^H^z) } 



i=i 
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+ ^^(£ j; _ fi (z)^_ £i (z)-^_ £i (z)^_ £i (.)) 
1=1 i=i 

n r 

+ E E (^w^^w^) - F, l+ei (*)*w*)) 

i=l i=l 
r 

+ (E H - ej {z)F ei ^{z) + F^ ej (z)E^ ej (z)) 



i<3 
r 



+ {E, l+tj {z)F ti+t3 {z) + F ei+ej (z)E ei+e .(z)) + J2H n+ i(z)H n+t (z) 

i<j i=l 

After a tedious calculation, we have 

Proposition 6 The energy-momentum tensor T(z) of the osp(2r\2n) current algebra can be 
expressed in terms of the free fields d4-l\} - &4-9j) as 

+ E f o^n+iC^Wn+ifc) n L ^=d 2 <Pn+i{z) 

~i V A/fc + 2(r-n- 1) 



+ E (A«,i (*) + Pm,l (z)dr/ m ,l («)) + A O)^/ (*) 

r 

+ E + KMHM 

i<j 
n r 

"EE (*w (*) + *v(*)3*m(*)) > ( 4 - 28 ) 

(=1 1=1 

where normal ordering of free fields is implied. T(z) satisfies the following OPE: 

nm,,) = ^ + + M, ,4, 9) 



u>zt/i i/ie central charge c given by 

(n — r)(2n — 2r + _ k x sdim (osp(2r|2n)) 
fc + 2(r-ra-l) ~~ fc + 2(r-n-l) 



(4.30) 



It is remarked that for the special case of n = r the central charge (14.301) vanishes. This 
makes the WZNW model associated with OSP{2n\2n) supergroup an important class of 
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CFTs [H [9j [T3J, [HI [20] . Moreover, we find that the osp(2r\2n) currents associated with the 
simple roots fl4.18p - fl4.27p are indeed primary fields with conformal dimensional one, namely, 



It is expected that the osp(2r\2n) currents associated with non-simple roots, which can be 
constructed through the simple ones, are also primary fields with conformal dimensional one. 
Therefore, T(z) is the energy-momentum tensor of the osp(2r\2n) current algebra. 

4.1.3 Screening currents 

Important objects in the application of free field realizations to the computation of correla- 
tion functions of CFTs are screening currents. A screening current is a primary field with 
conformal dimension one and has the property that the singular part of its OPE with the 
affine currents is a total derivative. These properties ensure that the integrated screening 
currents (screening charges) may be inserted into correlators while the conformal or affine 
Ward identities remain intact [27] [30]. 

Free field realization of screening currents may be constructed from certain differential 
operators [35], [39] defined by the relation, 



p {d) (s a ) (A; x, x- y, y; 9, 9\ = (A| E a G + {x, x; y, y, 9, 9), for a e A+, (4.31) 

where (A| is given by fl3T25|) - fl3T26|) and G+(x, x; y, y, 9, 9) is given by fl3T20l - fl3T23p . The oper- 
ators jo" (s a ) (a G A + ) give a differential operator realization of the subalgebra osp(2r\2n) + . 



Again it is sufficient to construct Sj = (s ai ) related to the simple roots. Using (14.311) and 
the Baker-Campbell-Hausdorff formula, after some algebraic manipulations, we obtain the 
following explicit expressions for sf. 




n 



Si = 




r 



+ ( ~@i+i,m9i+i,mdx lA+1 +9i+i,md0 l m —29i + i tm 9^ m d Xl +9i + x jm d$ j 



m=l 



+xi + id Sl l+1 + 2xi H id Xl + d xi l+1 , 1 < I < n - 1, 



(4.32) 
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S n — (yi,mdg n m ~ yi, m yi,m,dg nl + 2/l,m<%„, m - 2y X ; m Q n ,m,dx^) 

m=2 

-29 nA d Xn +de n:1 , (4.33) 

r 

Sn+i = ^ ^ {yi+l,mdy i m yi+l,myi+l,mdy ii+1 + yi+l,m^2/i, m ) 
m=i+2 

+<9 K , i+1 , l<z<r-l, (4.34) 
s n+r = <9 Sr _ lr . (4.35) 

One may obtain the differential operators s a associated with the non-simple generators from 
the above simple ones. Following the procedure similar to [35, 39J, we find the free field 
realization of the screening currents S,i(z) corresponding to the differential operators Sj. 

Proposition 7 The screening currents associated with the simple roots of the osp(2r\2n) 
current algebra at a generic level k are given by 



S l( Z ) = \ ^1 {-ll+l,m(zhl+l,m(z)f3l,l + l(z) + 'yi+l,m(z)[3l tm (z)) 
\m=l+2 
n 

{z)(3 hm {z)) + 7, + i(«)^ I) j + i(z) 

m=l+2 

r 

+2% l+1 (z)P t (z) - " *S-l, ro (*)*l,m(*)) 

m=l 

m=l J 

1 < Z < n - 1, (4.36) 

n,m(^0 Tim 

Lm=2 

+ E Vi,mW*»,mW - 2$+ 1 (z)A.(*) + fn,l(^) C^-i), (4.37) 

m=2 J 

Sn+i(z) = I E H+lA Z )Km( Z ) -7i+l,m(^)7i+l,m(^)A',i+l( Z )) 
l,m=i+2 

+ E Vm.mto/W*) + eV^(— i), 1 < z < r - 1, (4.38) 



m=i+2 



5 n+r (2:) = t, f (z)eVWM. (4.39) 
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Here normal ordering of free fields is implied and <fi(z) is 

n r 

${z) = ^0) ^. + <f>n +j (z) (4.40) 

i=l j=l 

From a direct calculation, one may find that the OPEs of the screening currents with the 
energy- momentum tensor and the osp(2r\2n) currents (I4.18p - fl4.27p are 
m/ n / x SAw) dSAw) n [ Si(w) 1 

T(z)Si(w) = . lK ' + . tK { = d w \ . tK \ \, z = l,...,n + r, (4.41) 



(z — w) 2 (z — w) \ (z — w) 

E i (z)S j {w) = Q, i,j = l...,n + r, (4.42) 

H i (z)S j (w) = 0, i,j = l...,n + r, (4.43) 



F i (z)S J (w) = (-l)^ F %d w 



(k + 2(r — n — 1)) e V"+^-^) 



(z — w) 

i, j = 1, ...,n + r. (4.44) 

Here [[i]] is defined by 

= Hn + C.,n + r. < 4 ' 46 > 

The screening currents obtained this way are called screening currents of the first kind [34J. 
Moreover, the screening current S n (z) is fermionic and the others are bosonic. 

4.2 Current superalgebra osp(2r + l\2n)k 
4.2.1 Free field realization of the currents 

With the help of the explicit differential operator expressions of osp(2r+l\2n) given by (13.561) - 
(I3.65P we can construct the explicit free field representation of the osp(2r+l\2n) current alge- 
bra at an arbitrary level k in terms of n 2 + r 2 bosonic (3-^ pairs {(A,j, li,j)-> (A> 7*)j 
{P'i'j'i 7^)> (M>j, %j>), (P'i'i Tti,l<i<j<n,l<i'< f < r}, n(2r + 1) fermionic b - c 
pairs {(^+ ,^j), ($f tj ,^ i;j ), (tyf^i), 1 < i < n, 1 < j < r} and n + r free scalar fields 

<pi,i = l,...,n + r. The free fields {(Aj,7ij)> (A^7ij)> (A,7i), (#'j'»7i'j')» Ti'jOh 
{(^+., and {0^} obey the same OPEs as (01) - (0]l . The other non-trivial 

OPEs are 

/3;(z) 7 » = -j,(z) fi(w) = 1 < ij < r, (4.46) 

J J (z — w) 

%(w) = *+(w) = T-rrS' 1 < < ( 4 - 4 7) 
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The free field realization of the osp(2r + l\2n) current algebra is obtained by the following 
substitutions in the differential operator realization (I3.56l) - fl3.65l) of osp{2r + l\2n): 



x m ,i — >j m ,i(z), d Xml — > P m ,i(z), l<m<l<n, (4.48) 

x m ,i — >Jm,l(z), d Xml — ► P m ,i(z), l<m<l<n, (4.49) 

xi — + li(z), d Xl —►#(*), 1 < / < n, (4.50) 

Vi,j * l'i,j{ z )i ^-»/3yW. l<t<J<r, (4.51) 

— 7^)> ~ " #j(*)> 1 < * < J < ^ ( 4 -52) 

y»— -y((*), 3 W — l<2<r, (4.53) 

fyi — > <\, — > *i,i(*)> 1 < 1 < n > 1 < < r, (4.54) 

— ► % — > ^(2), 1 < I < n, 1 < i < r, (4.55) 

Z — > ^ — > 1 < I < n, (4.56) 

Xj — > Vk + 2r -2n-ld(j) j (z) l<j<n + r, (4.57) 



followed with by the addition of anomalous terms linear in dj(z), dj(z), dj'(z), dj'(z), 
d^ + (z) and d^ + {z) in the expressions of the currents. Here we present the results for the 
currents associated with the simple roots. 

Theorem 2 The currents associated with the simple roots of the osp(2r + l\2n) current 
algebra at a generic level k are given in terms of the free fields fi4.1\ )- ffl7ty) and ^J^ - ^J^ ) 
as 

i-l 

E l( Z ) = brn,l( Z )Pm,l+l( Z ) ~ Jm,l+l( Z )Prn,l( Z )) + A,Z+1 1 < Z < Tl - 1, (4.58) 

m=l 

n-1 

E n ( Z ) = hm,n( Z )^m,l( Z ) + ^t,l( Z )Pm,n( Z )) + *n,l(*)> (4.59) 

m=l 
n 

E n+i (z) = ^(^+ i (^)^ mii+ i(^-*+ i+1 (z)^ m , i (^) 

m=l 
i-1 

+ E fc(^l, !+ i( 2 )-7; !+ i(^™^))+^ l!+ i(4 1 < i < r ~ 1, (4.60) 

m=l 

n 

E n+r ( Z ) = ^(*+(2)* m , r (z)-*+ r ( Z )* m (2)-*+ r ( Z )*+(z)/3 m (2)) 
m=l 
r-1 

+ E Wn.r-W/tW - VrnW^rW) + ( 4 - 61 ) 
m=l 
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F l( Z ) = E bm,l+l(z)P mi l(z) -7m,l{z)P m j +1 {z)) - n{z)Pij +1 {z) 
m=l 

n 

-2% l+1 (z)f3 l+1 {z) + ^ {ll,m( Z )%m(z)Pl,l+l(z) - 7i,m(^)A+l,m(^)) 
m=l+2 

n 

~ E { 2 %ra{z)ll+l, m {z)f3 l+ i{z) + % m (z)f3 l+l , m {z)) 

m=l+2 
r 

~ E (*ltmW*i!mWA,I+lW + 
m=l 
r 

m=l 

- $+(z)$+ +1 (z)A +1 (z) 

-7l 2 I + l(2)A,l+lW-7!,wW E (7(,m(2)A,m(2)+7l,m(2)A, m (2)) 

m=i+2 

n 

+7l,i+l(*) E (7i+l,m(^)A+l ) m(^)+7l+l,m(^)A+l 1 m(^)) 
m=i+2 
r 

-7 M+ l(^) E (*W*)*J,m(*) + 
m=l 
r 

+7l,i+l(*) E (*S-l,m(*)*J+l,™(*) + *tl,m( Z )*l+lM) 
m=l 

+2^ l+1 (z)^i +1 (z)Pi +1 (z) - 2^ l+1 (z)- fl {z)(3 l {z) 
+Vk + 2r-2n- l%i +1 (z) 

+ (_A; + 2 (Z - l))d %l+1 (z), 1 < Z < n - 1, (4.62) 

n-1 

^n(*) = E (^^^^(^ - 7m,n(^m,l(2)) - 7n(*)*n,l(*) 
m=l 

r 

+ E Km(*)#,m(*) " Km( Z )Km( Z )*n,l(z) + ^ m (z)^ m (z)) 
m=2 

r 

m=2 

r 

E W,mW^l,mW +fl,mW^l I mW) " 2*+ 1 (*)7»(*)A»(*) 
m=2 
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+Vk + 2r-2n- ltf+^z) (<90 n (,2)+<90 n+ i(,2)) 

+(-fc + 2(n-l))0tt+ 1 (z), (4.63) 

n 

F n+l {z) = ^(*+ m (z)* mii (z)-^(z)* m , m (z)) 



m=l 
i-1 



+ E (^, t +i( 2 )4i(2) - T^,i(*)/4,i+i(*)) 



m=l 



+ E Km( Z )^m( Z )^+l( Z ) -7i, m W^+l,mW ~ 7i, m (^! + l, m (4 



m=i+2 



r 

+7M + l( Z ) E (il,m(^+l,m( Z )+il,m(^»'+l,m( Z )) 
m=i+2 
r 

-7i,i+l(3) E Km^K™^) + 7U( Z )A',m(^)) 
m=i+2 



+VA; + 2r - 2n - (<90 n+i (2;) - d(f) n+i+1 (z)) 

+ (k + 2(i — n— 1)) 1 < % < r - 1, (4.64) 
F n+r (z) = ^(^+ r (z)* m (z)-^+ r (z)^(z)/3 m (z)-*+(z)* m , r (z)) 

m=l 
m=l 

+Vk + 2r-2n- li r (z)d(f) n+r (z) + (k + 2(r-n- 1)) di r (z), (4.65) 



m=l m=i+l 



-2 7 ^)AW - E + " ^C*)*! (*) 
m=l 

+VA; + 2r-2n- 190, (2), 1 < I < n, (4.66) 

ri i— 1 

m=l m=l 

r 

- E (7UWA' m W + 7UWA' m W)-7lWA , W 

m=i+l 

+VA; + 2r - 2n - I90 n+i (z), 1 < i < r. (4.67) 
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Here normal ordering of free fields is implied. 



Proof. The proof of the theorem is similar to that of Theorem 1. □ 

The free field realization of the currents associated with the non-simple roots can be 
obtained from the OPEs of the simple ones. For the case of n = 0, our result recovers the 
free field realization proposed in [15] for so(2r + 1) current algebra. 

4.2.2 Energy-momentum tensor 

The energy-momentum tensor T(z) associated with the osp(2r + l\2n) current algebra can 
be expressed in terms of the free fields through the Sugawara construction, 

1 f - 

T {z) = 2 (k + 2r - 2n - 1) } ~ E ( E *™-^ Z ) F& ™-^ Z ) + ^m-^Eg^iz)) 

^ ' I m<l 

n 

- Yl i E s m +s l {z)F Sm+Sl {z) + F 5m+Sl (z)E Sm+Sl (z)) 

m<l 
n 

- £ [ 2 (E 2Sl (z)F 2Sl (z) + F 2Sl (z)E 2Sl (z)) + H^H^z) ] 
i=i 

n 

+ J2(Es l (z)F Sl (z) - F 5l {z)E Sl {z)) 
i=i 

n r 

1=1 i=l 

n r 

+ E E (E 5l+ei (z)F 5l+ei (z) - F 5l+ei (z)E Sl+€i (z)) 

1=1 i=l 
r 

+ Y, {E n {z)F ti _ e] {z) + F £i _ e . (z)E Ci _ ej (z)) 

i<j 
r 

i<j 

+ £ [(E ei (z)F ei (z) + F ei (z)E ei (z)) + H n+i (z)H n+i (z)} 1 . 
i=i J 

After a tedious calculation, we have 

Proposition 8 The energy-momentum tensor T(z) of the osp(2r + l\2n) current algebra 
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can be expressed in terms of the free fields fi4.1\ )- fcflfy and ft4-46j )- ft4-47\ ) as 



\^94> n+i {z)d(j) n+i {z) ~ -^J= 



2r - 2% + 1 



2r - 2n - 1 

+ E (/W^^TW^) + Pm,l(z)dl m ,l{ Z )) + ^2 Pl( Z ) d Jl( Z ) 
m<l 1=1 

i<j i=l 
n r n 

"EE^W^W + %i(z)d*+(z)) (4-68) 

1=1 i=l 1=1 

where normal ordering of the free fields is implied. T(z) satisfies the OPE of the Virasoro 
algebra, 

T W T(«) = + *«2L + (4,9) 

(2; — (2; — tt>)^ (2 — W) 

with the central charge c given by 

(r — n)(2r — 2n + l)k _ k x sdim (osp(2r + l|2n)) 
fc + 2r - 2n - 1 _ k + 2r - 2n - 1 



(4.70) 



Note that when n = r, i.e. for the osp(2n + l|2n) case, the central charge f)4.70p vanishes. It 
can be easily checked that the osp(2r + l|2n) currents fl4.58p - fl4.67l) are primary fields with 
conformal dimensional one, namely, 

T{z)E l {w) = \ ' +—!L-L, l<t<n + r, 
[z — w) z [z — W) 

T{z)Fi{w) = \ 2 + r^^> l<i<n + r, 

[z — w) z [z — w) 

f—j—. / \ tt / \ Hi(w) dHJw) 

T(z)Hi(w) = -_ l \ J + -_ l<i<n + r. 



[z — wr (z — w 



4.2.3 Screening currents 

Similarly to the osp(2r\2n) case, the free field realization of the screening currents can be 
constructed from certain differential operators defined by the relation, 

p (d) (s a ) (A; x, x; y, y; 9, 9\ = (A| E a G+(x, x; y, y, 9, 9), for a G A+, (4.71) 
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where (A| is given by (l332l - f[3~53l and G+(x, x\ y, y, 9, 0) is given by (l3T4Tj) - (l3ToT]) . The 
operators p( d > (s a ) (a E A + ) give a differential operator realization of the subalgebra osp(2r+ 
l\2n) + . After some algebraic manipulations, we obtain the following explicit expressions for 
s t = P {d) (s ai ): 



si 



m=l+2 



m=l 

+xj+i9 2iiJ+1 +^ + i9fl i -^ + i^9 a;j + 2x^+1^+9^ ^, 1 < I < n - 1, (4.72) 

r 

^2 {y^,rnde n m - yi, m yi, m d Sn l + yi,mde n>m - 2y ltm 6 n , m d Xn ) 



m=2 



+yiO n d Xn - yi d 9n - V -±d Kl - 29 n!l d Xn + d 6n>l , (4.73) 



5 n+j 



^ ] {yi+l,mdy.i m yi+l,myi+l,md yi i+1 + yi+l,md yi m ) 



m=i+2 



,2 



+V*i^ " ^TT^+a + 1 < < < r - 1, (4.74) 

s„ +r = <9<, r . (4.75) 

Then we have 

Proposition 9 The free field realization of the screening currents Si(z) of the osp(2r + l\2n) 
current algebra corresponding to the above differential operators Si is given by 



:+2 

n 

^ {2ji +1>m (z)% m (z)/3i(z) + ii+i, m (z)pi >m (z)) + ji +1 (z)j3i t i +1 (z) 



.m=l+2 



m=l+2 



m=l 

+V+ +1 (z)%(z) - *+ +1 (z)*t(zMz)+[3 l)l+1 (z) 



g % /k + 2r-2n-l 

1 < / < n - 1, (4.76) 

,m=2 
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+ 1 [(z)*+(z)f3 n (z) - j[(z)* n (z) - ^[{zHiz^nM 

r 1 

il,m(z)^n,m{z) ~ ^nM M + *n,l(*) f eVW, (4.77) 
m=2 J 

r 

^n+i(^) = <{ Yl H+l,m( Z )^i,m( Z ) -7i+l,m(«)7i+l,m(«)A',i+l( 2; )) 
, m=i+2 

1 

2' 

+ E 7l + i, m (^)A, m (^) + /W*) f 1 < i < r - 1, (4.78) 

m=i+2 J 

5 n+r (^) = ^( Z ) e ^s -i } (4.79) 



where normal ordering of free fields is implied and (f>(z) is given by h4-4$ 



From direct calculation we find that the screening currents satisfy the required OPEs with 
the energy-momentum tensor (14.681) and the osp(2r + l\2n) currents (I4.58I) - (I4.67I) . namely, 

TV no/ \ S M dSi(w) f Si(w) \ . . v 

T(z)Si{w) = rr + - r = O w < } , Z = 1, . . . , 71 + T, (4.80) 



(2; — w) 2 (z — w) l( z ~ w ) 

E i (z)S J (w) = 0, i,j = l...,n + r, (4.81) 

H i (z)S j (w)=0, z,j = l...,n + r, (4.82) 



= (-i)M^ a. I " +2r - 2 ( ;: l j ) e "" T ^ 



1 



z,j = l,...,n + r, (4.83) 
where [[i]} is given by (14.451) . 

5 Discussions 

Based on the particular orderings (13.121) and (I3.44p for the positive roots of the finite dimen- 
sional basic Lie superalgebras, we have constructed the explicit differential operator realiza- 
tions (I3.29I) - (I3.38I) and (13 . 56[) - (13. 65[) for the osp{2r\2n) and osp{2r + l\2n) superalgebras and 
explicit free field representations (I4.18I) - (I4.27I) and (14 . 5 8 [) - (14 . 6 71) of their corresponding cur- 
rent superalgebras. The corresponding energy-momentum tensors are given in terms of the 
free fields by (14.281) and (I4.68j) respectively. We have also found the free field representations 
(I4.36p - (l4.39p and (14 . 76 P - (14 . 79 1) of the associated screening currents of the first kind. 
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These free field realizations of the osp(2r\2n) and osp(2r + l\2n) current algebras give rise 
to the Fock representations of the current algebras. They provide explicit realizations of the 
vertex operator construction [50l [5T] of representations for affine superalgebras osp(2r\2n)k 
and osp(2r + l\2n)k- These representations are in general not irreducible. To obtain irre- 
ducible representations, one needs the associated screening charges, which are the integrals of 
the corresponding screening currents (I4.36p - fl4.39l) and fl4.76p - fl4.79p . and one then performs 
the cohomology analysis as in [28j ESI 134"] . 

An important open problem is to construct the free field representations of the primary 
fields for the current superalgebras studied in this paper. It is well-known that there exist 
two types of representations for the underlying finite-dimensional superalgebras: typical 
and atypical representations. Atypical representations have no counterpart in the bosonic 
algebra setting and our understanding of such representations is still very much incomplete. 
Although the construction of the primary fields associated with typical representations is 
similar to the bosonic algebra cases, it is a highly nontrivial task to construct the primary 
fields associated with atypical representations even for the relatively simple gl(2\2) current 
algebra [52J. 
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Appendix A: Defining representation of osp(m\2n) 

Let V be a Z2-graded (m + 2n)-dimensional vector space with the orthonornal basis {\i),i = 
1, . . . , m+2n}. The ^-grading is chosen as: [1] = • • • = [m] = 0, [m+1] = • • • = [m+2?2] = 1. 
For any (m + 2n) x (m + 2n) matrix A, one can define the supertrace, 

m+2n m m+2n 

str (A) = = E Ai1 - E A »- ( A - x ) 

1=1 1=1 l=m+l 

Let ey, i,j = 1, . . . , n, be an n x n matrix with entry 1 at the zth row and the jth 
column and zero elsewhere. Let ej, % — 1, . . . , n, be an n-dimensional row vector with the 
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ith component being 1 and all others being zero, and ef be the transpose of e^, namely, 



e i = (0,. .. ,0,1,0,. ..,0), e: 



T 





1 



V o y 

Similarly, one can introduce r x r matrices e^, i,j — l,...,r, and r-dimensional row vectors 
Ci. With help of these matrices {eij\i,j = l,...,n} and {eij\i,j = l,...,r} and row 
vectors {e«| i = 1, . . . , n} and {ej| i = 1, . . . , r}, one can realize the defining representations 
of osp(2r\2n) and osp(2r + l\2n) as follows. 



Al. The osp(2r\2n) case 

Let m = 2r, i.e. dim(V)= 2(r + n). The defining representation of osp{2r\2n) on V, denoted 
by p , is given by the following 2(r + n) x 2(r + n) matrices, 

\ / 

> Po (-P5 m -(ji) = 

\ / 

> Po(^k) = 



Po (Esm-Si)'- 



PO ( E 25 t 



Po (E Sm+Sl )-- 



Po{E 5l _ ti )-- 



Po (E, 



V 



\ 



( 
\ 



e u 
0/ 



eir 



\ 



, m<l, (A.2) 



V 



\ 



e mi + e /m 




V 



> PO (-Ptf m +5i) 




eu / 

/ 
\ 



\ 





e m i + e im J 



(A.3) 



, m<l, (A.4) 













\ 









-T 






eje, t 








V 









/ 


/ 







-T 

ej 


\ 
















7 1 

e/ ej 








\ 









/ 



, Po(F t 



, Po (F Sl+ei ) 



( 


-T 





















\ 


-efe; 






7 


/ 
















-T 







\ 




-efei 


7 



(A.5) 



(A.6) 
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Po {E ei - e ,) = 



, Po {F ei - ej ) = 



Po (E ei+e .) 



Po (#5 m -<0 : 



Po {H 5m+&1 )-- 



Po{H 2Sl )- 



( etj 







Po (H Sl - e .) = 



PO {Hei-e,) 



\ 
( 

\ 

V 

/ 

V 

/ 
V 



, po (F €i+€j ) 

\ 



&mm &ll 



/ 

\ 



m < I, 



6?/ Cmm J 



+ en 



m < I, 



&mm &ll 



-e a J 



\ 



en 



( -I 



, Po (H 5l+ei ) = 



\ 



e%{ Cjj 



Po [H ei+ej ) = 



* < j, 



i < j. 



en 



Then we introduce r + n linear-independent generators Hi (i — 1, . . . r + n) 



Hi = H 



25; ; 



1 < I < n, 



H 



n+i 



H 



n+r 



2 (^i-^j + H € . +€j ), 



i — 1, . . . , r — 1, and i < j 
i < r — 1. 
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Actually, the above generators {Hi} span the Cartan subalgebra of osp(2r\2n). In the 
defining representation, these generators can be realized by 

\ 

,/ = !,..., n, (A.18) 



Po (H n+i ) 



\ 



en 



-en J 



, i = l,...,r. 



(A.19) 



The corresponding nondegenerate invariant bilinear supersymmetric form of osp(2r\2n) 
is given by 



(x,y) = -str(p (x)p (y)) , \/x,y G osp(2r\2n). 



(A.20) 



A2. The osp{2r + l\2n) case 



Let m — 2r + 1, i.e. dim(V)= 2(r + n) + l.The defining representation of osp{2r + l\2n) on 
V, denoted by p , is given by the following (2(r + n) + 1) x (2(r + n) + 1) matrices, 

\ / 

> PO (-^5 m -5 ( ) = 



Po (■E | « m -* l ) = 



Po(E 2 5 l )- 



PO (^5 m +«5 ; ) ; 



€-ml 



( 

\ 
/ 

V 



e„ 

o o y 



\ 

> Po(^) 



V 



\ 



\ 



, m < I, (A.21) 



&ml 



e mi + e im 






en o y 

\ / 

, PO (-^5 m +<5 ; ) = 



/ 



V 



\ 





e m i + ei m y 



(A.22) 



, m<l, (A.23) 



Po = 











\ 




/ 





\ 


















-T 

e}ei 












-T 














, (A.24) 


e/ei 


























J 




V -efei 




) 





PO (ESi+e 















( 








\ 

































, p (F 5l+ei ) = 




-T 







ejfei 



















\ 










V -efei 






/ 



, (A.25) 
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Po (E Sl )- 



Po [E €i+ej ) - 



Po (E ei ) - 



Po(H 2Sl )- 



1 





ei 






( 


ei 





\ 


































> Po( F Si) = 












ef 



















\ 






J 




V -ef 






/ 



(A.26) 



Po [E n ) = 



— e 



31 



V 

/ 

e i:j - 





/ 



V 

/ e % 

-ef 





, Po(F £i - £j )-- 
\ 

7 



— e 



13 



) Po(-^e l +e J ) : 



V 

/ 



-ejj + Ejj 



Po (H Sm _ 5l )-- 



PO (#<5 m +<5 ; ) = 



V 

/ 

V 

/ 

V 

/ 

V 



, Po(F et ) = 



V 

f -ei 



ef 



, i<3, (A.27) 
\ 



, i<j, (A.28) 



V 



7 



^rara e;; 



m < I, 



eu e mm y 



'-"mm + e;; 



m <l, 



€"mm &ll 



\ 



eu 



, po (H Sl - ei ) 



-eu J 



Po (#<5 ; + e J = 






\ 


e^j 




ejj 






e«z 




— ez; / 



Po [H €i _ ej ) = 



( ° 

V 



> Po (#<0 = 



-eu 



ejj e^j 



ejj ejj 



7 



« < j, 



(A.29) 



(A.30) 



(A.31) 










ejj 






ejj 




, (A.32) 




eu 






-eu J 





(A.33) 



(A.34) 
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/ o 



\ 

7 



* < j, 



(A.35) 



6 ? ; 



V 



7 



(A.36) 



We introduce r + n linear-independent generators Hi (i — 1, . . . r + n), 



Hi = H 25l 
1 



H n +i 



l<l<n, 

Ha-ej + H 6l+ei ), i = 1, . . . ,r - 1, and i < j, 



2 \ c i c j 

1 



H ei -e r ) , i < r - I. 



(A.37) 
(A.38) 

(A.39) 



Actually, the above generators {Hi} span the Cartan subalgebra of osp(2r + l\2n). In the 
defining representation, these generators can be realized by 



Po (Hi 



V 

/ 



\ 



l = l,...,n, 



(A.40) 



-e a J 



Po (H n+i ) = 



\ 



\ 



, i = l,...,r. 



(A.41) 



/ 



The corresponding nondegenerate invariant bilinear supersymmetric form of osp(2r + 
l\2n) is given by 



(x, y) = -str (po(x)p (y)) , Vx, y G osp(2r + l|2ra). 
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